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Momentum and thermal boundary layer
along a slender cylinder in axial flow

E. Richelle, R. Tasse and M. L. Riethmuller

von Karman Institute for Fluid Dynamics, Rhode-Saint-Genése, Belgium

A laminar approach of the melt-spinning process is presented, using nondimensionalized
momentum and thermal boundary-layer equations. The momentum boundary layer along
a yarn of circular cross section in axial fiow is investigated for two types of boundary
conditions; the quasi-similar solution is computed for both a semi-infinite body and a
continuous moving surface, using a finite difference scheme. The comparison exhibits a
difference between the growth of the boundary layer in the two cases. The guasi-similar
solution is extended to the thermal boundary layer along a moving yarn. The computation
is carried out in the air as well as inside the yarn, yielding the temperatures, the Nusselt
number, and boundary-layer thickness as functions of a dimensionless parameter.
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Introduction

The melt-spinning process consists of extruding a molten
polymer from an array of holes in a spinneret. The yarns that
are created are cooled down by their motion in the air and by
a lateral quenching air flux, while their diameter decreases
because of the stretching provided by the rotating bobbin, until
they solidify.

The objective of this paper is to provide the laminar solution
of this problem, for both the velocities and the temperatures
in the vicinity of the yarn. The lateral air flux is not taken into
account, and the cross section of the yarn is assumed to be a
circle of constant diameter.

The laminar boundary layer along a circular cylinder has
been investigated by many authors, since Seban and Bond
(1951). Sakiadis (1961a, 1961b, 1961¢) has shown the difference
between the boundary conditions encountered by a continuous
moving surface in a fluid at rest, and by a semi-infinite body
mounted in a wind tunnel. The boundary layer is initialized by
the spinneret in the first case (spinneret case); whereas it grows
from the body leading edge in the latter case (wind-tunnel case),
as illustrated in Figures 1 and 2, respectively. Sakiadis has
computed the solution of Blasius’ equation in both cases,
showing that inverting the boundary conditions does not lead
to an exactly inverted velocity profile.

As found by Seban and Bond (1951) and later by Glauert
and Lighthill (1955), Jaffe and Okamura (1968), Kao and Chow
(1991), and Sawchuk and Zamir (1992), the laminar momentum
boundary-layer equations can be nondimensionalized by using
a transformation of coordinate system. Sawchuk and Zamir
have computed the solution for the wind-tunnel case, in a large
range of the dimensionless parameters.

The present paper investigates the laminar boundary layer
for both the wind-tunnel and the spinneret cases. The
computation of the axisymmetric boundary layer is performed
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first for the wind-tunnel case. The flowfield obtained in this
paper is compared with Sawchuk’s and Zamir’s results. Then
the spinneret case is considered. The boundary-layer equations
are solved using a finite difference method, and the results are
compared to the previous wind-tunnel computation, showing
significant differences.

The transformation of coordinate system for the momentum
computation is extended to the thermal boundary-layer
equations. Because the surface temperature along the yarn is
unknown, the computation is also performed inside the yarn.
The results of the laminar axisymmetric thermal boundary-
layer computation along a continuous moving body are
presented as functions of dimensionless parameters, and could
be used for many engineering applications.

Momentum boundary-layer equations

The moving thread is modeled as a cylinder of contrast radius
a. The origin of the x, r coordinate system is located in the
center of the leading-edge cross section of the yarn (wind-tunnel
case) or in the center of the spinneret hole (spinneret case). The
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Figure 1 The wind-tunnel case
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Spinneret Boundary layer
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x-axis Is the symmetry axis; whereas, the y-coordinate is
measured in the radial direction from the yarn surface. The
laminar velocity field is governed by the following two-
dimensional (2-D) boundary-layer equations
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The boundary layer conditions are the velocities at the wall
and at infinity. For the wind-tunnel case they are as follows:

u=0 at y=0
f'gure 2 The spinneret case v=20 at y=0
u=u, at y=0a (4)
Notation o* boundary-layer displacement thickness
Wind-tunnel case:
a yarn radius x
A parameter used for the mesh generation, Equation 39 7(é* + a)? — na? = J (1 — w/u2nr dr
Br Brinkman number a
c ga(llr:ll;nﬁitsrﬁovemmg the stretching intensity in Spinneret case:
C friction coefficient <
! * 2 a2
, specific heat capacity n(o* + a)* — na j ufu dnr dr
Ec Eckert number R o .
I dimensionless stream function ox thermal boundary-layer displacement thickness
k heat conduction coefficient Spinneret case only:
L typical streamwise length )
Nu, Nusselt number based on a n(6F + a)* — na?
Nu, Nusselt number based on x ©
p pressure = j wu, (T — TINT, — T,,)2xr dr
Pr Prandtl number 0
r radial coordinate, origin on the symmetry axis n dimensionless number defined as y,/u,/2vx
St Stanton number .
Re Reynolds number based on a 0 boundary-layer momentum thickness
a
Re, Reynolds number based on x Wind tunnel case:
T local temperature -
T (Gufon)y o (8 + a)* — na* = ufu,(1 — ufu,)2nr dr
T, free-stream temperature ‘
T,, temperature of the yarn at the exit of the spinneret
u axial velocity Spinneret case:
u, free-stream velocity (wind-tunnel case), yarn o
v;loc1ty (spinneret case) . (0 + a)? — na® = ufu, ufu, 2ar dr
U.,x  dimensionless free-stream velocity a
Uwan ~ dimensionless wall velocity ¢] dimensionless temperature
radial velocit v cp
v ol v O(f_‘ y | . u dynamic viscosity
x ax(’f," lcoor c‘;,late along the y 1”1 ¢ v kinematic viscosity o
y radial coor fmatv:},1 origin at t c;yarr_l surface ¢ dimensionless number «/vx/ua2
z argument of mesh generation functions p mass per unit volume
w
Greek & (u,fvax)'? (1 —wu,)r dr
a
o thermal diffusivity e [
U parameter governing the stretching center in ¢2 (u.fvax)" u/udl —ufu,)r dr
Equation 38 -
B parameter governing the stretching intensity in Y stream function
Equation 38 Subscri
0 boundary-layer thickness ubscript
or thermal boundary-layer thickness s subscript, Referring to the yarn (solid)
L.
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and for the spinneret case

u=u, at y=0

v=20 at y=90

u=0 at y=oC (3)

These equations are nondimensionalized using a transfor-
mation from x, y to &, #. The definition of ¢ and # is not unique,
as shown by the previous works performed on the subject, by
Jaffe and Okamura (1968), Kao and Chow (1991), and Sawchuk
and Zamir (1992). For an easy comparison with Sawchuk and
Zamir, the following choice has been made:

U,

n=y /oo = a\/2¢n
= ) (©)
, ua
c _ X‘, x = 62
u aZ v

The continuity equation is identically satisfied by using
the stream-function approach.
1 1

—— 8¢ and v=—- - G

u=-:
aty a+y

where ¥ is nondimensionalized as f = z///'a\/;;rx.
Assuming that the free-stream velocity is constant (6,p = 0)
leads to the final equation:

Jom = Jon (2 = [ = 9120 + En2)
+ 8,2+ &2y
x [(1+ &0y fe — 1/,
+ &2+ V2 - 22 (7)
with the following boundary conditions:
S =0fory=0; (f,,,/\,f’/Z) = U,.n at the wall p = 0;
and (f,,/\/2(1 + 577\/5) = U, at infinity n = 0. (8)

where the dimensionless boundary velocities (U, Uy
are 0, 1 for the wind-tunnel case and 1, 0 for the spinneret
case. The first boundary condition in Equation 8 is given
by the zero transverse velocity at the wall. In the case of
a flat plate a =95, £ =0 and Equation 7 reduces to the
Blasius equation:

Jom + S S =0 9

The solution of this equation is then used as an initial
condition for Equation 7.

As in the case uf a flat plate, the velocities, the
boundary-layer thicknesses, and the friction coefficient
can be determined from the knowledge of f The velocity
components are given as functions of f by the following:

wu, = 1//2- 141 + En/2) f,
and . (10)

v, /Re, = 172 1/1 + &n/2)-(tfy — &; — f)

Substitution of the velocity in the axisymmetric definition of
0* leads to the following relationships.

For the wind-tunnel case:

2o* + a)® — na? = f <1 - u>2nr dr (11
a uE

(0*/a + 12 — 1 = 28n/2 + &n* — £y - o) (12)
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For the spinneret case:

wd* + a)? — na® = j X o dr {13)
a ue
(@*a+ 1) =1 =28, (14)

A similar calculation performed for the momentum boundary-
layer thickness gives the following:

o«

w0 + a)® — na? = J il (1 — 3)27" dr (15)

a U, U,

7] 2 1 3] J(Z
+l)—1=2§(f(=w)——j A"dn>
(a ' J2Jo 1+ &2

(16)
for the wind-tunnel case, and
* u
(0 + a)’ - na® = J R o dr a7
a u? ue

<0+1>2~1—2¢ir R (18)
a \/5 0 1+§r]\/5

for the spinneret case. The friction coefficient, defined for
both cases as follows:

ou
i 5
C,= 1 !’;9 (19)
7PU,
is given by the following:
Cp VRe, = o = 63/ 2 o) (20

The thermal problem

The velocity field has been derived for both the wind-tunnel
and the spinneret cases, using two dimensionless parameters ¢
and #. Because the fiber-spinning process involves heat transfer
aspects, the thermal boundary layer has also been investigated
for the spinneret case. In the axisymmetrical case, the
boundary-layer approximation applied to the energy equation
yields the following equation:

aT oT k ( 1 éT 82T>
— R — + E—
ox dy pe,\a+ydy 0y?

v (/av\? v \* [ou\?
+2- — +— +{—

¢, (\dy a+y ox
— _

~

(a)

v {@u}z
+ —_
¢, &y 21)

\——-\/—\_/
{b)
The viscous dissipation terms, {a) and (b), can be neglected
because they are of the order of Ec/Re; ~ 107 and Br =~ 1074,
The thermal boundary-layer equation reduces to the following:

¢cT oT k 1 0T @2
u +v=< —.+Z> 22)
éx dy pc,\atydy Oy

Substituting x, y to & »n in Equation 22, and in-
troducing the reduced temperature © defined as © =
T—TAT,,— T.) with T the local temperature; T,, the

temperature of the yarn at the exit of the spinneret; and

10
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7, the air temperature at infinity leads to the following:

o + 821 + E0/2)° O,
= Va2 UL+ 8D €8S, - 80, =0,

¢ =kfpc, is the thermal diffusivity of the fluid. This
parabolic equation requires one initial condition and two
tioundary conditions. As in the case of the momentum
Fquation 7, at £ =0 the equation reduces to an ordinary
¢ ifferential equation. The solution of this equation provides the
iiitial condition for Equation 23. One external boundary
condition and two jump conditions are needed. The external
toundary condition is given by the following:

Yyew=T. at y=o (24)

v.hile the jump conditions at the interface are as follows:

Yie = Tarm at y =0 (25)

ki % = Kyarn Tyarm at y=0 (26)
dy ¢y

The jump conditions show that the yarn itself has to be
ircluded in the computation domain. The varn is assumed to
' a solid of constant diameter moving at a constant velocity.
The temperature distribution inside it is governed by the
fe llowing equation:

oT <52T 1T 62T>
[ CpsUe T = Ky -
Forste oy

v here the subscript s means solid. Inserting & and # in the
s mplified equation leads to the following:

ooyl 27)
y*  réy ox?

€ + EJ2/(1 + E1J/2)- O, = vix, (- 1O, + O)) (28)
The first boundary condition is the yarn temperature at
t-e exit of spinneret; i.e., the melting temperature T = T, and
tFe second boundary condition is the symmetry condition

ér
- - =0

=0

The nondimensionalized thermal equations in the air and
in the cylinder have been derived as well as the boundary
conditions at the edges of the computation domain. They
are summarized in their dimensionless form as follows:

€l + EJ/2U1 +E1/2)0, = v /2
L+ 812 (GO, — 0,/ = @,f) for 1> 0

(29a)

€y + ES/2/(1 + E1/2) O, = vjo, (—1O, + £0)
for <0

{29b)
with the following boundary conditions
€6 =1 at {=0,1=—x (30a)
€ =0 at {>0,n=wx (30b)
Cn=0")=0@n=0" at n=20 (30c)
€, =0")0,n=0")=kik, at n=0 (30d)
€,=0 at £>0,7=—1/&/2 (30d)

T he relationships 29 and 30 give the dimensionless parameters
governing the thermal phenomena. They are

& n, via=Pr via, k/k,

The temperature field over the ¢, » domain depends
on the gas properties through its Prandt! number, and

132

on the yarn thermodynamical properties by v/x, and k/k,
Usually the melt-spinning process takes place in the air,
for which a Prandtl number of 0.72 has been assumed,
but the fourth and fifth parameters, v/, and k/k, must
be determined from the polymer characteristics. They
may affect the axial temperature distribution along the
yarn. As a result, the thermal quantities and the Nusselt
number characterizing the heat transfer become func-
tions of &.
The thermal boundary-layer displacement thickness for a
cylinder is defined as follows:
(0% + a)® — na* = j U T=Tw 27r dr
o U Te - Two

Using the dimensionless variables gives the following:

5’;+12 1=2¢ mf-(l 0)d
1) = (1 — @) dy (1)

a 0

The following relation can be derived from the heat
transfer coefficient definition.

Nu, ¢ = Nu,- 1/,/Re, = 1/4/2-©,(& 1 = 0/O(, y = 0)
(32)

The temperature along the yarn axis can be computed as
a function of x through ¢:

O, = O, 1 = —1/8/2) (33)

The axial gradient, which indicates the cooling rate
experienced by the yarn during its motion away from the
spinneret, is given by the following:

oT AT, _ _ ., oT a . 9

— =—""Re, 2O, = — —Re}’ =5 (34)

- X g ~ X
ox 2a ox AT,

Solving the laminar boundary-layer equations

Numerical scheme

The boundary-layer equations are parabolic. The ¢ coordinate
is the marching direction, along which the Crank-Nicholson
scheme is applied. The nodes are located in &" and &**Y;
whercas the equation is written at &"*'2 The following

discretization is introduced in the equations.

snt1 n
fogrin T € (35)
) 2
’ f”+] +fn
- n+1/2 _ 3 . (36)
f<f 5
n+1/2 n+1 __ ¢n
RO LA R )
aé aé én+1 _ én

Mesh generation

Algebraic meshes are used. For the &-direction, a stretching is
needed close to the origin to capture the beginning of the
growth of the boundary layer. The following shape function is
used (following Thompson et al. (1985)):

S.(z) = 1 + tanh[c(z — 0.5)]/tanh(c/2) (38)

where ¢ is a parameter governing the stretching intensity. The
same function is used to generate the #-mesh of the momentum
computation, where the stretching is needed close to the wall.
For the n-mesh of the thermal computation, the stretching is
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centered around the air—yarn interface by using the following
formula:

S2(2) = (1 + sinh[f,(z — A))/sinh(B,A) (39)
from Hoffmann (1989), where A is defined as follows:
A=1/28,In ({1 + (" — D, J/[1(&" — D, ]) (40)

o, governs the position of the stretching center in [0, 1] and
B., its intensity. The last of the boundary conditions, Equation
29, has # — oo as £ — 0. We truncated the domain at n = —35.
It is observed that the solution does not change significantly
below # = —2. The computations are carried out between the
hyperbola and a free-stream limit obtained when &f/dy is
below a given value.

Results

Wind-tunnel case

Results for the wind-tunnel case are shown in Figure 3. At the
wall (1 = 0) the velocity is zero, and tends to unity in the free
stream. This solution, previously obtained by Sawchuk and
Zamir (1992), corresponds to a semi- infinite cylinder mounted
in a wind tunnel. The wind-tunnel computation is the test case

1.0 1

0.8 1

0.6 -
:O
E]
04 4
=0
=0.
=0.
0.2 4 =2.
=25
=250
0.0 v v v
0 1 2 3 P

n
Figure 3 u-velocity profile for the wind-tunnel case

60 -

O ¢,, Sawchuk A
0 ¢,, Sawchuk e
50 - AT, Sawchuk - 4
— ¢,, Present solution a”
- - ¢,, Present solution e a
404 — T,, Present solution - e’
- 4 .
0 50 100 150 200 250

&

Figure 4 Comparison with Sawchuk’s and Zamin's (1992) results:
#1. ¢2and Ty
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1.0 -
1E=0
: £=0.025
1 £=0.25
0.8 1 1€<25
1 £=25
(E=2

0.6 1

u/u

0.4 -

0.2 4

0.0

Figure 5 u-velocity profile for the spinneret case

1501 C 1: 8%a, Spinneret case
- 2:8%a, Wind tunnel case 1
- 3:6/a, Spinneret case
120 4 | - 4:6/a, Wind tunnel case
© 90 1
=}
o
o g0 -
2
30 1 ,,:::::::::"—_
04, ’ . . . .
0 10 20 30 40 50 60

Figure 6 Boundary-layer displacement thickness, momentum dis-
placement thickness

of the numerical code, and is compared with Sawchuk’s and
Zamir’s results in Figure 4, in terms of ¢, ¢,, and T, defined
in his paper.

Spinneret case

In the second case, the continuous body is leaving a spinneret.
The corresponding u-velocity profiles are shown in Figure 5.

Comparison

A significant difference is that the solution for the spinneret
case remains closer to the flat plate solution for higher values
of £ than for the wind-tunnel case. As shown in Figure 5, there
is no major difference between the flat plate solution and the
curves obtained for £ = 0, 0.025, 0.25 for the spinneret case,
whereas the curve & = 0.25 of the wind-tunnel case is already
significantly different.

Figure 6 shows the boundary-layer displacement thickness
o*/a and the momentum thickness 8/a plotted against ¢ for
both cases. The boundary layer is thicker in the case of a yarn
leaving a spinneret. The momentum thickness shows the
opposite behavior. The momentum thickness is smaller for the
spinneret case, although its displacement thickness is larger.
This is because the velocity profiles are steeper near the wall
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30 ;
25 1

20 |

5 1 — 1: Wind tunnel case
— 2: Spinneret case
4) r T T T T \
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§

Yigure 7 Friction coefficient

109 F@
- 2:&=1
P 3iE=2

0.8 - o 4:8=4
I — 5:£=8
- 6:£=16
- 7:8=32

0.6 1
®
0.4 1

0.2 1

4

W

“igure 8 Temperature profiles in the air {( > 0) and in the yarn
n < 0), for v/ag, = 80, 100, 120, and 140, k/k;= 0.1, Pr=0.72

:nd tend more slowly to the free-stream velocity. Figure 7 gives
“he friction coeflicient. Again, the difference between the two
curves reveals a significant theoretical difference between the
‘wo cases. This would imply that results of experimental
wrind-tunnel simulations should not be directly applied to fiber
:pinning, particularly in the laminar region.

i"hermal boundary-layer

‘I'he thermal computations are carried out for k/k, = 0.1 and
four values of v/a: 80, 100, 120, and 140. They are typical values
of polymers used in the melt-spinning process. The results of
t1e thermal computation are shown in Figure 8. The
tzmperature profiles are given in the yarn (n < 0) for different
values of ¢, The dimensionless temperature decreases from 1 at
t1¢ exit of the spinneret (£ = 0, # = 0) to 0 at infinity (y = + o).
‘The temperature in the center of the yarn (ie., the leftmost
point of each curve of the last plot) is given in Figure 9 as a
function of & The cylinder keeps its initial temperature till
a5, and then its temperature decreases. The thermal
¢ xchange is characterized in Figure 10 where Nu, - £ is plotted
versus £. Figure 11 shows the relationship between the Stanton
number and the friction coefficient. The axes are St-Rel?
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0.0 v v T v v
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Figure 9 Temperature along the yarn axis, for v/a, = 80, 100, 120,
and 140, k/k,=0.1, Pr=0.72

60 'l
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&

Figure 10 Nusselt number along the yarn, for v/as, = 80, 100, 120,
and 140, k/k, =01, Pr=0.72
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60 1 T
50 1 - ;V/ o ~
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»
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— Vvio=80
— — via,=100
10 4 - - - viq=120
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Figure 11 Comparison Stanton number—friction coefficient, along
the yarn, for v/2, = 80, 100, 120, and 140, k/k, = 0.1, Pr=0.72
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versus C, - Rel’2 In the case of a thermal analogy, the Stanton
number and the friction coefficient would be proportional, so
the graph would be a straight line crossing the origin. This is
not the case: there is obviously a relationship between them,
but it is not as simple as a proportionality factor. This
conclusion is not changed by the presence of Rel/Z, because it
appears on both axes. Removing it would require given values
of air viscosity and yarn velocity, yielding a result that would no
longer be universal.

Conclusion

The theory developed in this paper is based on previous work
giving the quasi-similar solution of the laminar axisymmetric
boundary layer in the wind-tunnel case. Here we give the
solution for a continuous moving surface and present the same
approach for the thermal boundary layer.

The comparison between the momentum boundary layer
along a semi-infinite body and along a continuous moving
body, yields the conclusion that the growth of the boundary
layer is strongly affected by the boundary condition type. It is,
therefore, to be expected that an experimental investigation of
the fiber spinning in a wind tunnel will not give quantitatively
correct results.

The theoretical analysis of the thermal boundary layer
provides the governing parameters of the laminar solution. The
numerical solution gives interesting results, such as the
temperature distribution along the yarn centerline, and
demonstrates that there is no thermal analogy between the skin
friction and the heat transfer.
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